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Optically induced reorientation dynamics in a nematic liquid crystal is inves-

tigated for circularly polarized laser beams with spot sizes smaller than the

sample thickness. Various dynamical regimes, such as periodic, quasi-per-

iodic, intermittent, self-organized and possibly chaotic regimes are observed.

The role finite beam size is identified and a qualitative interpretation based

on the spatial walk-off of the ordinary and extraordinary beams arising from

double refraction phenomenon is proposed.

Keywords: finite-beam excitation; instabilities; light angular momentum; molecular reorien-

tation; walk-off effects

INTRODUCTION

Liquid crystals offer a versatile system for the experimental and theoretical
study of a variety of non-linear phenomena. In particular, the nonlinear
optics of liquid crystals as become a well-established research field [1–4]
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including light-induced phase transitions [5,6] and stimulated light scatter-
ing [7]. In the past decade, considerable efforts have been made to achieve
a deeper understanding of nonlinear mechanisms of the light-liquid crystal
interaction. The case of an homeotropic cell of nematic liquid crystal (NLC)
under a light field excitation has received special attention and the ensuing
studies have led to quantitative theoretical descriptions capable of retriev-
ing the main features of the various dynamical regimes observed until then.
A key example is the case of the normally incident elliptically polarized
light leading to a rich variety of molecular orientational dynamics [8,9], with
the particular case of circularly polarized excitation, which exhibits a non-
trivial sequence of successive bifurcations [10,11]. The transition to chaos
via a cascade of gluing bifurcations by an ordinary wave at oblique inci-
dence [12–15] is yet another example. More recently, it was shown that a
strongly astigmatic laser beam can induce non linear oscillations due to
the competition of spin and orbital angular momentum of light [16]. In
particular, chaotic rotation associated with intermittency was identified

FIGURE 1 (a) Experimental set-up. Arþ: Argon ion laser; BS: beam splitter; k=4:
quarter wave plate; L: lens; NLC: nematic liquid crystal film; d: diaphragm; PBS:

polarizing beam splitter; Di: photodetectors. (b) Definition of the director n by

the spherical angles H and U.
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in such a system [17]. However, due to the complexity of the problem, most
of the corresponding theoretical models have assumed an infinite plane
wave (IPW) excitation, an assumption not justified in many experiments
where the beam size is comparable or less than the NLC film thickness.
Despite several attempts to describe the finite beam size effects, only
the linearly polarized excitation, where the long-term behavior is time-
independent, has been studied in some detail [5,18–20] and it is fair to
say that a complete dynamical model is still lacking.

In this work, we report observations of the influence of transverse
effects on the molecular reorientation dynamics induced by circularly
polarized and spatially confined beams. First, we present the experimental
set-up used to probe finite beam size effects on the light-induced reorien-
tation dynamics. The role of self-induced walk-off is pointed out and a
qualitative criterion is proposed to estimate the importance of finite beam
size effects to the observed dynamics under a given set of experimental
conditions (beam diameter, cell thickness and reorientation amplitude).

We will refer to the molecular dynamics by means of the vector field that
represents the average local orientation of the molecules defined by the
unit vector n, called the director. Its orientation is given by the two usual
spherical angles H and U, namely n ¼ (sinHcosU, sinHsinU, cosH) as
depicted in Figure 1b.

CONFRONTATION EXPERIMENT-THEORY

The sample under study is a film of nematic liquid crystal E7 (from Aldrich)
enclosed between two glass substrates and the film thickness is
L ¼ 100 mm. The substrates are coated with CTAB surfactant for homeotro-
pic alignment, i.e. an alignment perpendicular to the surfaces of the sub-
strates. The excitation laser beam, obtained from an Arþ laser operating
at 514.5 nm in the TEM00 mode, is focused at normal incidence on the sam-
ple by the lens L (see Fig. 1a). At the sample location the intensity profile
has a Gaussian shape, d being the beam diameter at e�2. The polarization
state of the excitation light is made circular using a quarter wave plate
(k=4) placed before the lens L (see Fig. 1a). The director reorientation dy-
namics is retrieved by the analysis of the central part of the beam emerging
from the sample after the diaphragm d. Photodiodes Dcenter, Dx, Dy collect,
respectively, the total intensity of the central part of the beam, Icenter, and
the corresponding vertical and horizontal components of the electric field,
Ix and Iy (Icenter ¼ Ix þ Iy). The excitation intensity Itot is monitored with
the photodiode Dtot. Data acquisition frequency is 5Hz and the increment
of normalized excitation intensity is d~II ¼ 0:05, where ~II ¼ Itot=IF, and IF
denotes the Fréedericksz transition threshold for circularly polarized light.
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The time series IcenterðtÞ contain explicit information on H only. This
is because the level of self-focusing arising from the finite beam size
is governed by the amount of reorientation (H) and that only the central
part of the total output intensity is collected by Dcenter. On the other hand,
the time series Ix and Iy contain explicit information on both H and U since
the intensity of the x and y electric field components depend on both the
shape (H) and the orientation (U) of the output polarization ellipse
and on IcenterðtÞ. The normalized intensities with respect to IcenterðtÞ,
ix � Ix= Icenter and iy � Iy=Icenter, contain for their part only explicit infor-
mation on the polarization ellipse. Since ix � 1� iy, these time series
possess the same dynamical information, we shall refer to any of these
quantities as iðtÞ.

Figure 2 shows the phase space reconstructed from the observed time
series (on the left), namely iðtþ sdÞ versus iðtÞ, where sd is a time delay
chosen conventionally as the first zero of the auto-correlation function,
for ~II � 1:25 for a geometrical aspect ratio d � d=L ¼ 0:24. On the right part
of this figure, the Fourier power spectra IcenterðxÞ and iðxÞ are calculated
from the time series IcenterðtÞ and iðtÞ. In the left column of Figure 2, a fine
closed-loop in phase space is the sign of a uniform precession regime with-
out nutation, i.e. the polarization ellipse is continuously rotating while
keeping its shape constant. On the other hand, a time dependent shape
of the polarization ellipse is identified by a thickening of the closed-loop.
The frequency labeling appearing in the Fourier spectra, on the right part
of Figure 2, takes into account our previous remarks. Namely, IcenterðtÞ
contains information on the self-focusing of the beam, that is, on the total
light-induced phase shift D between the o- and e-waves, and the corres-
ponding frequency is labeled f1. Furthermore, we have mentioned earlier
that iðtÞ contains only explicit information on the shape (H) of the
polarization ellipse and its orientation (U) but not on the self-focusing, in
distinction to the experimental values of IxðtÞ and IyðtÞ. Thus, since
the shape of the rotating polarization ellipse is almost constant in the regular
precession regime with frequency f0 the corresponding frequency of iðxÞ
is accordingly labeled 2f0 since the polarization ellipse is invariant by a ro-
tation of p. A summary of the observed bifurcation scenario is given below.

For ~II � 1 we have no reorientation as expected. At ~II ¼ 1, the system
experiences a subcritical Hopf bifurcation that corresponds to the
Fréedericksz transition and, after a transient, it settles to a stationary uni-
form precession regime. In this case, the phase space is almost a perfect
circle (Fig. 2a) and the Fourier spectra iðxÞ exhibits a single frequency
2f0. Significant nutation appears for ~II > 1 as the system explores a pro-
gressively larger volume of phase space (Figs. 2b–c). A look at the recon-
structed phase space for ~II ¼ 1:15 (Fig. 2c) indicates that a dynamical
transition has just taken place. This corresponds to the secondary
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instability observed in [10], which was attributed to the longitudinal asym-
metry of optical angular momentum transfer to the NLC [10,11]. The
dynamical regime born through this instability is clearly identified from

FIGURE 2 Experimental scenario in the case L ¼ 100 mm with d ¼ 0:24. From left

to right: the reconstructed phase space i tþ sdð Þ versus iðtÞ and the Fourier power

spectra of IcenterðtÞ and of iðtÞ. The time delay is taken as sd ¼ 8s. (a) ~II ¼ 1;

(b) ~II ¼ 1:10; (c) ~II ¼ 1:15; (d) ~II ¼ 1:20; (e) ~II ¼ 1:25.
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the Fourier spectra (Fig. 2c) just above the corresponding threshold. The
NLC molecules are now rotating around the z-axis (2f0) with a large per-
iodic nutation ( f1). This continuous transition from a periodic regime
towards quasi-periodicity emphasizes the second-order nature of the tran-
sition, which has the character of a supercritical Hopf bifurcation [11]. On
the other hand, the occurrence of the harmonics f1 � 2f0 in the spectra iðxÞ
is a direct manifestation of the nonlinear coupling between the two degrees
of freedom H and U. A further increase of ~II strengthens the nonlinear
coupling between H and U as demonstrated by Figure 2d where the har-
monics f1 � 2f0 now make an important contribution to the spectra iðxÞ.
In addition, the nonlinear character of the nutation dynamics is observed
in the spectrum IcenterðxÞ through the appearance of the second harmonic
2f1. This allows the identification of two additional frequencies in the spec-
trum iðxÞ, namely the harmonics 2f1 � 2f0, which appear through the non-
linear coupling between polar and azimutal degrees of freedom. In fact, this
sequence of dynamical regimes is correctly predicted from the IPW model
(see Fig. 3a–d), which is reported in details in Ref. [21]. However, for
higher intensities, we observe a transition from a quasi-periodic to an
irregular regime (Fig. 2d–e), this regime being characterized by a spectral
broadening around discrete frequencies for sufficiently high excitation
intensities (Fig. 2e). Such a transition was not observed experimentally
for higher values of d (d > 0:4), thus our knowledge of the bifurcation sce-
nario in the IPW limit suggest that this dynamical behavior arises from the
finiteness of the beam (for d < 0:4).

In the strong excitation regime, when the intensity is increased beyond
the appearance of the irregular regime, the system exhibits a novel dynami-
cal behavior. This is illustrated in Figure 4 where the reconstructed phase
space iðtþ sdÞ versus iðtÞ and the time series iðtÞ are shown for d ¼ 0:25
in the range 1:45 � ~II � 1:55. At ~II ¼ 1:45, the irregular regime labeled
‘‘regime 1’’ in (Figure 4a–b) is observed. At still higher intensity,
~II ¼ 1:50, this regime coexists with another distinct regime labeled
‘‘regime 2’’ in (Figure 4b–c). The system alternates between these two
regimes for durations that appear almost random. We believe that this is
the first time that such an intermittent behavior is reported in this exci-
tation geometry. At ~II ¼ 1:55, the dynamics of the system is now definitely
restricted to ‘‘regime 2’’. This transition is associated with self-organization:
it appears that the dynamics could be described with two principal frequen-
cies (a low and a high frequency) that are clearly visible in Figure 4c. The
high frequency component of iðtÞ is associated with an almost periodic
large amplitude variations of the signal IcenterðtÞ (not shown here, see [21]
for more details). We observed that these rapid oscillations correspond
to cycles of expansion and contraction of several rings of self-diffraction,
that is a nutation with large amplitude. On the other hand, the low
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FIGURE 3 Calculated scenario in the case L ¼ 100 mm with the IPW model. From

left to right: the reconstructed phase space Ix;yðtþ sdÞ versus Ix;yðtÞ and the Fourier

power spectra of DðtÞ and of Ix;yðtÞ where Ix;yðtÞ ¼ Ex;y

�� ��2 z ¼ L; tð Þ. The time delay

is taken as sd ¼ 1:5sNLC where sNLC is a characteristic reorientation time for the

NLC cell. (a) ~II ¼ 1:20; (b) ~II ¼ 1:45; (c) ~II ¼ 1:50; (d) ~II ¼ 1:60; (e) ~II ¼ 1:70.
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frequency component corresponds to a precession regime whose frequency
is several times slower than the precession rate of the uniform regime just
above the Fréedericksz transition. This slowing down of the rotational
motion is due to the fact that the effective rotational viscosity coeffi-
cient scales as sin2 H. Finally, in all cases, a first-order transition to a largely
reoriented regime occurs when the intensity is sufficiently high as reported
in previous work [5,8,11,22].

FIGURE 4 Experimental reconstructed phase space i tþ sdð Þ versus iðtÞ for a cell

thickness L ¼ 100 mm with d ¼ 0:25 with sd ¼ 8s (left) and the corresponding time

series iðtÞ (right). (a) ~II ¼ 1:45; (b) ~II ¼ 1:50; (c) ~II ¼ 1:55.
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These results show that for a sufficiently small beam diameter (in
comparison to the film thickness), the bifurcation diagram is qualitatively
modified with respect to the IPW predictions [21]. The underlying physical
mechanism of this phenomenon should thus be clarified. Although it is
known that director reorientation profiles may essentially be three dimen-
sional (3D) when light beam is narrower that the film thickness [1], this is
not sufficient to explain, at least qualitatively, the occurrence of new
dynamical regimes since the 3D character of the reorientation has been
demonstrated even in the IPW limit (both theoretically [8,23] and
experimentally [24]) without such dynamics. In what follows, a qualitative
physical interpretation, based on the self-induced walk-off phenomenon, is
proposed.

DISCUSSION

The physics of the problem has led us to look for an interpretation based on
the walk-off phenomenon that occurs in the optically anisotropic and which
has been found to produce instabilities in other dynamical context, e.g.
laser dynamics and optical resonators ([25] and references therein). The
incident flow of energy is split into an ordinary flow propagating along
the z-axis and an extraordinary one traveling at oblique incidence when
the uniaxial NLC is reoriented. Since the reorientation is induced by the
light itself, we should refer to this process as self-induced walk-off. This
situation is schematically pictured in Figure 5. The non-uniform walk-off
qðzÞ is expressed as a function of the angle bðzÞ between the e-Poynting
vector and the z-axis (Fig. 5a) as

qðzÞ ¼
Zz

0

tan b z0ð Þ½ �dz0: ð1Þ

The area AðzÞ over which the o- and e-beams of diameter d overlap (shaded
area in Fig. 5b) can be written as a function of qðzÞ by

AðzÞ ¼ d2 p� 2a zð Þ � sin 2a zð Þ½ �=4 ð2Þ

with

aðzÞ ¼ arcsin q zð Þ= dLð Þ½ �: ð3Þ

The relative amount of mismatch of the overlap area, Að0Þ � AðLÞ½ �=Að0Þ,
may define a measure of the walk-off effects. A zeroth-order approximation
of this quantity can be obtained from the knowledge inferred from the IPW
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situation that gives [21] tan bðzÞ ¼ ea sin 2H= 2 e? þ ea cos2 H
� �� �

where
eij ¼ e?dij þ eaninj is the dielectric tensor at optical frequency and
ea ¼ ejj � e? is the corresponding anisotropy. In fact, the overlap mismatch
between the o- and e-waves depends not only on the geometrical ratio d but
also on the reorientation amplitude H. It is then possible to define a typical
value dc below which sizeable walk-off appears for a given D, say a mis-
match of the overlap areas of the order of 10%, i.e. A 0ð Þ � AðLÞ½ �=
Að0Þ ffi 0:1. Similarly, we define the typical phase shift Dc above which
walk-off effects are important for a given d. For example, in the case of a
circularly polarized excitation, it is known that D ffi p not too far above
the Fréedericksz transition, this gives dc ffi 0:35 for L ¼ 100 mm. From this
point of view, it would appear that this value allows us to understand the
experimental observations we have made around d ffi 0:25.

Finally, these results give a interesting starting point in the search for
a quantitative interpretation of many complex dynamics observed in
various interaction geometries, which are still unexplained when finite

FIGURE 5 (a) Representation of the Poynting flux lines (light rays in geometrical

optics) for the o-wave (dashed line) and the e-wave (solid line) when the liquid

crystal film is reoriented. An angle bðzÞ is made between the o- and e-Poynting

vectors PoðzÞ and PeðzÞ. The walk-off at location z in the film is denoted as qðzÞ.
(b) Cross section of the o- and e-beams of diameter d at location z in the basis

(x0, y0) which is obtained from the rotation of (x, y) by an angle U. The shaded area

AðzÞ is the overlap area.
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beam size is neglected. Two examples will suffice to illustrate this point.
We can first evaluate the critical values Dc that correspond to other
experimental works in the field of light-induced reorientation dynamics.
For instance, in the case of an ordinary excitation beam at oblique inci-
dence the limitations of the IPW theoretical model [15], when compared
to experimental data [12,14,26–28], may be understood since in these
studies Dc=2p ffi 2� 3 but many rings are involved, implying D >> Dc.
Another example is the case of an astigmatic excitation beam (i.e. ellip-
tical intensity profile) at normal incidence where intriguing complex
dynamics were observed [16,17]. There, the corresponding critical phase
shift verifies Dc=2p < 1 although the reorientation is rather large
(D >> 1).

CONCLUSION

We have analyzed the influence of the finite beam size on optically induced
dynamics in nematic liquid crystals in the framework of circularly polarized
light normally incident on an homeotropic NLC sample. In particular, the
occurrence of intermittency, self-organization and possibly chaos has been
reported. A mechanism based on walk-off between the ordinary and extra-
ordinary waves has also been proposed and its implication has been dis-
cussed in the framework of various interaction geometries. A quantitative
model has been recently derived in the case of circularly polarized exci-
tation [29]. This approach may be fruitful for further quantitative discus-
sions in many other interaction geometries known to exhibit complex
dynamics.
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[11] Brasselet, E., Doyon, B., Galstian, T. V., & Dubé, L. J. (2003). Phys. Rev. E, 67, 031706.
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